Recently an exact duality between topological string and the spectral theory of operators constructed from mirror curves to toric Calabi-Yau threefolds has been proposed. At the same time an exact quantization condition for the cluster integrable systems associated to these geometries has been conjectured. The consistency between the two approaches leads to an infinite set of constraints for the refined BPS invariants of the toric Calabi-Yau threefolds. We show that, for the Y N,m geometries, these constraints can be derived from the K-theoretic blowup equations for SU (N ) SYM with generic Chern-Simons invariant m. In particular this furnishes a proof of the BPS constraints in the case of m = 0.
Introduction
It is now well-known that a generic four dimensional N = 2 supersymmetric field theory has an underlying algebraically integrable system, i.e. a Hitchin system [1] . If we subject the four dimensional theory to the Ω-background with only one deformation parameter 1 turned on, the deformed supersymmetric field theory is described by the quantization of the classical integrable system where 1 plays the role of the Planck constant. The supersymmetric vacua correspond to the eigenstates of the quantum many-body system, which could be solved by the following Bethe-ansatz type equation
∂W( a, )
∂a i = 2π(n i + 1/2) , n i ∈ Z 0 , (
where a i are action variables in the integrable system, or the Coulomb moduli if interpreted from the N = 2 theory side, and W( a, ) is the analogue of the Yang-Yang function. It was pointed out in [2] that W( a, ) is given by the Nekrasov-Shatashvili (NS) limit of the Nekrasov partition function.
It is beneficial to consider the 4d N = 2 theory as a 5d N = 1 theory on S 1 in the limit where the radius of S 1 shrinks to zero. The partition function of the 5d theory is given by the K-theoretic Nekrasov partition function while the 5d theory corresponds to the relativistic lift of the integrable system that underlies the 4d theory [3] . For instance, 5d N = 1 pure SYM is associated to the relativistic periodic Toda lattice [4] . Generalizing the 4d story, one expects that the eigenvalues of the quantization of the relativistic integrable system are solved from the same Bethe-ansatz type equation (1.1) where W( a, ) is given by the NS free energy F NS ( a, ) of the 5d N = 1 theory [5, 6] .
However this proposal, which is based on a perturbative analysis, cannot be the full answer and some non-perturbative effects have to be added. Indeed the NS free energy F NS ( a, ) is singular when ∈ 2πQ, while the energy levels of the corresponding operators are well defined positive numbers for all positive values of [7] . The reason for this inconsistency is revealed to be the missing of important non-perturbative contributions to the quantization condition (1.1), in this case complex instantons [7] . This phenomenon is similar to the one observed in the study of the quartic oscillator [8] [9] [10] where it was pointed out that only when the complex instanton contributions are included does one obtain the correct spectrum of the system. In the case of quantizing the integrable system underlying a 5d N = 1 theory, a necessary requirement is that the added non-perturbative contributions have to cancel the poles of F NS ( a, ) at ∈ 2πQ [7] similar to the HMO mechanism in the ABJM free energy [11] . One the other hand, as pointed out in [12] , the cancellation condition is not always sufficient, and a precise conjecture including additional non-perturbative contributions was proposed in [13, 14] . A notable feature of the conjecture is that the moduli a must be twisted by the so-called B-field in the instanton contributions to the free energy F NS ( a, ). Furthermore it was later shown [15] that the quantization condition (1.1) with the full set of non-perturbative corrections can be reorganized in a form which is invariant under the S-transformation → 1/ . This proposal is consistent with the conjecture [16] that the spectral problem of the quantum relativistic Toda lattice can be reduced to the representations of the "modular dual" of the quantum group U q (g) [17, 18] . In [19, 20] this S-invariant quantization condition was generalized first to relativistic periodic Toda lattice and then to a large category of quantum "relativistic" integrable systems, the cluster integrable system (CIS) [21] constructed from an arbitrary 2d convex Newton polyton.
A related and very fruitful line of research is the study of the quantization of the mirror curve to toric Calabi-Yau X N [22] . Recently, this approach has been used to propose a nonperturbative definition of topological string theory on toric background [13, 23] in terms of an ideal Fermi gas. According to this construction one can extract g trace class operators, g being the genus of the mirror curve, and define for them a generalized Fredholm determinant Ξ X N whose explicit expression is given in term of enumerative invariants of X N [13, 23] . The exact spectrum of these operators is computed by the vanishing locus of Ξ X N . Even though a rigorous mathematical proof is still lacking, this conjecture and its generalized form have passed numerous tests and found broad applications [15, 19, 20, [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] .
It is an intriguing observation that the quantum mirror curve to X N coincides with the quantum Baxter equation of the CIS based on N [20, 35, 37] . One of the consequences of this observation is that the energy levels of the CIS must lie on the zero loci of the generalized Fredholm determinant [13, 23] . This imposes a consistency condition between the two approaches demanding that there must be a suitable B-field such that an identity which generates infinitely many constraints for the BPS invariants of X N is satisfied [35] . We will name this identity the compatibility formula. It is further conjectured that there are at least g inequivalent sets of B-fields for which the compatibility formula holds [35] , which we will refer as the sufficiency conjecture.
In this note we give a proof of the sufficiency conjecture and the compatibility formula when X N is the resolution of the cone over the Y N,0 singularity and a partial proof in the case of Y N,m with m = 0 (see [38] for a detailed description of these geometries). We will show that the compatibility formula is a natural consequence of the K-theoretic blowup equation [39] [40] [41] [42] . Furthermore, we give a compact formula for all the inequivalent B-fields that satisfy the compatibility formula. In the particular case of the Y N,0 geometry, the K-theoretic blowup equation has been rigorously proved [41] , which completes the proof of the sufficiency conjecture and the compatibility formula.
The rest of the paper is structured as follows. We review in section 2 the background for the compatibility formula, including the basics of topological string on toric Calabi-Yau threefolds, and how the compatibility formula is required from the conjectural quantization condition for CIS and the conjectural Fredholm determinant in the spectral theory. We also review the Y N,m geometry and the K-theoretic blowup equations. Section 3 is the core of the paper where the connection between the compatibility formula and the blowup equations is established. We give some comments on the proof in Section 4. We also clarify in the appendix our convention for the Nekrasov partition function for SU (N ) pure SYM and the refined topological string partition function for Y N,m geometries.
Backround

Refined topological string theory on toric Calabi-Yau
We review here very briefly the basic knowledge of toric geometry and refined topological string theory we will need in this paper. The standard references on toric Calabi-Yau are [43] [44] [45] [46] . For the convention of topological string theory we follow [37] .
A toric Calabi-Yau threefold X Σ is completely described by its toric fan Σ. Let the number of 1-conesv α in Σ be n Σ + 3, the Calabi-Yau condition demands there are n Σ charge vectors (i) , such that
Furthermore, one can rotate Σ in such a way that all the 1-cones have the form
i.e. they end on the hyperplane (1, * , * ). It is therefore enough to write down the planar support of the toric fan, which is a convex Newton polygon N Σ , whose vertices are
3)
The mirror curve C Σ to the Calabi-Yau can be read off from N Σ , as the latter is precisely the Newton polygon of C Σ ; in other words, the equation of the mirror curve is
The coefficients a α of the equation modulo the C * actions on e x , e y and the overall C * scaling parametrize the moduli space of C Σ . Alternatively, one can use the C * invariant Batyrev coordinates, defined by
In addition, the coefficients a α can be classified into the "true" moduli which correspond to integral vertices inside the Newton polygon N Σ and the mass parameters which correspond to integral vertices on the boundary of N Σ 1 . We follow the convention of [23] , rename the true moduli and the mass parameters to κ j and ξ k respectively. The number of the true moduli is the same as the genus g Σ of the mirror curve, while the number of independent mass parameters, after setting three of them to 1 by the three C * rescalings, is denoted by r Σ so that g Σ + r Σ = n Σ . We notice that the definition of the Batyrev coordinates can be written as 6) where the n Σ × g Σ matrix C is the submatrix of minus the charge matrix L, defined by
. . .
with all the columns corresponding to mass parameters removed. Since C is of rank g Σ , it is possible to perform linear transformations of rows so that the last r Σ rows become empty and C is reduced to a rank g Σ square matrix. The Kahler moduli t i of the Calabi-Yau threefold are related to the Batyrev coordinates of the mirror curve by the mirror map
where Π i (z) is a power series with finite radius of convergence. Geometrically the Kahler moduli t i are identified with the A periods of the mirror curve. By the use of quantized curve [22] , one can promote the notion of period to quantum period [5, 6, [49] [50] [51] and the corresponding quantum mirror map is given by 9) which reduces to the standard mirror map in the limit → 0. The quantum mirror map plays an important role in both the quantization condition for CIS and the conjectural spectral theory.
With the Calabi-Yau threefold X Σ as the target space, one can compute the refined topological string free energy F ref (t; 1 , 2 ) by the means of refined holomorphic anomaly equation [52, 53] or refined topological vertex [54, 55] . The free energy F ref (t; 1 , 2 ) enjoys the following form of expansion in terms of the refinement parameters 1 , 2 
11) The constants a ijk , b i are classical intersection numbers and they can be computed directly from the toric data of X Σ . The constants b NS i can be obtained by refined holomorphic anomaly equation [52, 53] . The instanton contributions F inst ref (t, 1 , 2 ) has the form
Here the positive integers N d
are the so-called BPS invariants, which depend on the curve class d in the Calabi-Yau X Σ and two non-negative half-integers, or spins, j L , j R . Furthermore, 13) and χ j (q) are characters of SU (2), i.e.
It is an interesting fact that the BPS numbers display a checkerboard pattern; namely there exists an n-dimensional integer vector B, called B-field, such that all non-vanishing BPS numbers satisfy
This checkerboard pattern was first discussed in [56] and then proved when X Σ is a local del Pezzo surface in [57] . For the propose of this paper it is convenient to introduce the twisted topological string free energy as
Finally there are two important limits of the refined topological string free energy. The first is the so-called unrefined limit
(2.17)
In the large volume limit, it splits to the perturbative contributions
18)
2 The terms in the parentheses are the perturbative contributions to the prepotential, which differs from the usual form of the prepoential for compact geometries in the linear terms in t. The form of the prepotential presented here (also given in [35] ) is consistent with the result from gauge theory, and it makes the formulation of the quantization condition conjecture and the spectral theory conjecture reviewed in Sec. 2.2 more compact.
and the instanton contributions
This is the case first studied in topological string theory, and it can be rigorously defined for not only non-compact but compact Calabi-Yau threefolds as well. The second limit is the NekrasovShatashvili limit defined by
which as we reviewed in the introduction is closely related to quantum integrable systems. It also consists of the perturbative contributions 21) and the instanton contributions
(2.22)
Quantization conditions and Topological strings
Goncharov and Kenyon [21] gave an algorithm which constructs for each toric Calabi-Yau threefold X Σ based on a Newton polygon N Σ a quantum integrable system called the cluster integrable system (CIS). There are in the CIS g Σ commuting Hamiltonians and r Σ Casimir operators, and they can be mapped to respectively the true moduli κ j and the mass parameters ξ k on the mirror curve C Σ . When X Σ engineers [58] a 5d N = 1 supersymmetric field theory, the integrable system underlying the field theory is precisely the CIS. Later based on previous works [7, 12, 13, 27] , [15, 19, 20] gave a conjectural exact solution to the spectral problem of any CIS using the Nekrasov-Shatashvili limit free energy of the topological string on X Σ . The claim is that the energy levels are solutions to the following system of g Σ equations
indexed by non-negative integers n j which label the excitation levels. Here the hat above t( ) means we switch on the sign
in the power series part Π i (z; ) of the quantum mirror map. At the same time, a duality between the topological string and the spectral theory (TS/ST) has been developed [13, 23] . In this construction one associates g Σ difference operators of trace class
to a toric CY manifold X Σ . These operators are constructed starting from the quantization of the mirror curve to X Σ and their spectral properties are completely encoded in the generalized spectral determinant defined as [23] 
According to [13, 23] this spectral determinant has an explicit expression in terms of (refined) enumerative invariants of X Σ and it is given by 27) where J X is the topological string grand potential. The exact expression of J X was determined in a series of works [11, 13, 27, 57, 59, 60] and it reads
(2.28) The function A(ξ, ) here includes the constant map contribution [61] . The conjecture (2.27) has two important consequences.
The first one is that [13, 23] gives a non-perturbative definition of topological string in terms of ideal Fermi gas, i.e. in terms of operator theory. More precisely one has
The expansion coefficients Z(N, ) can be interpreted as the non-perturbative completion of topological string partition function on X Σ where the 't Hooft parameters play the role of the flat coordinates, and they can be identified with the partition function of an ideal Fermi gas. The density matrix of the Fermi gas is constructed from the operators (2.25) obtained by quantizing the mirror curve. By using the Cauchy identity the partition function of the gas can be expressed as a matrix model [25, 26] providing in this way a concrete realization of the conjecture [62, 63] (now a theorem [64] ). The second important consequence of (2.27), which is the focus of this paper, is due to the following observations. The spectrum of the operators ρ i can be computed from the vanishing loci of the generalized Fredholm determinant. And the latter vanishes when the quantum mirror curve as a difference operator has a nontrivial kernel [13, 23] . On the other hand, it is observed that the quantum mirror curve to X Σ coincides with the quantum Baxter equation of the CIS constructed from X Σ [20, 35, 37] . As a consequence, the energy levels of the CIS must lie within the zero loci of the Fredholm determinant. This consistency condition leads to the following identity [35] 
30) from which infinitely many constraints on the refined BPS invariants of X Σ can be extracted. We will call (2.30) the compatibility formula. The definition of the matrix C is given in Sec. 2.1 and it is completely determined by the toric data of X Σ as explained in [65] . The g Σ -dimensional integral vector r is an explicit "representation" of the B-field satisfying
We define two representations r and r to be equivalent if 32) since it only amounts to an integral shift of the summation index n in (2.30). Note that the B-field needs only be defined up to (2Z) g Σ in either the conjectural quantization condition (2.23) or the conjectural Fredholm determinant (2.27),(2.28), while the compatibility formula (2.30) only holds for some but not all concrete representations r of the B-field [35] . Furthermore, it was conjectured that one can always find at least g Σ inequivalent representations r of B with which the compatibility formula is satisfied. We call this the sufficiency conjecture of the compatibility formula. As a consequence, one can find enough vanishing equations for the spectral determinant (2.27), one for each r, such that that their common solutions are discrete and coincident with the energy levels of the CIS constructed from X Σ . The compatibility formula together with the sufficiency conjecture implies a deep connection between the spectrum of the CIS and that of the operators constructed from the quantum mirror curve. However, the sufficiency conjecture presented in [35] is constructed experimentally caseby-case and it was proven only for some specific values of .
In this paper we give a precise meaning to these constraints. More precisely, when the background geometry is of type Y N,m , we connect the sufficiency conjecture and the compatibility formula of [35] to the K-theoretic blowup equation of [39, 41] . In particular, when m = 0, this connection furnishes a complete proof of the equivalence between the two quantization schemes, i.e. the one which features S-duality and the one derived from the vanishing condition of the spectral determinant.
Y N,m geometry
The cone over the Y N,m singularity 3 , or the Y N,m geometry for short, is a toric Calabi-Yau threefold, and it describes the fibration of the ALE singularity of A N −1 type over P 1 . Under the minimal resolution, each fiber contains an A N −1 sphere tree. The index m is an integer in the range 0 ≤ m ≤ N . This geometry is particularly interesting because when set up as the target space of topological string theory it "geometrically engineers" the 5d N = 1 pure SU (N ) gauge theory with Chern-Simons invariant m compactified on a circle S 1 [66] . In particular, the refined topological string partition function can be identified with the instanton partition function of the gauge theory on the Ω background [67] .
The dual toric diagram (ladder diagram) of the resolved Y N,m geometry. The planar support of the toric fan or the Newton polygon of the resolved Y N,m geometry is given in Fig. 1 and the dual toric diagram (ladder diagram) in Fig. 2 . The edges in the Newton polygon connecting the vertices D i with i = 1, . . . , N −1 to either the vertex D I or D II (these two cases are equivalent), or equivalently the edges on the two sides of the ladder diagram, correspond to the P 1 's in the A N −1 sphere tree. We denote these curve classes by C i and the Kahler moduli that measure their sizes by t i with i = 1, . . . , N − 1. The edges in the middle of the Newton polygon connecting neighboring vertices D i and D i+1 with i = 0, . . . , N − 1, or equivalently the parallel rungs in the ladder diagram, do not correspond to linearly independent curve classes. We can take the shortest rung in the ladder diagram to represent the base P 1 . We denote its curve class by C B and the Kahler modulus measuring its size by t B . Depending on whether N − m is odd or even, the location of the edge corresponding to C B in the Newton polygon is displayed in either Fig. 3a or Fig. 3b. {t 1 , . . . , t N −1 , t B } are all the independent Kahler moduli of the geometry.
The charge matrix (or intersection matrix) of the revolved Y N,m geometry is given in Tab. 1. Each entry (i) j is the intersection number of the curve class C i and the divisor D j . The submatrix consisting of the first N − 1 rows and N − 1 columns is minus the Cartan matrix of the su(N ) algebra. The charge vector associated to the curve class C B depends on whether N − m is odd (first row in the table) or even (second row in the table). For later convenience, we would like to use linear combinations of the N curve classes to construct a new curve class which does not intersect with the first N − 1 divisors. We normalize it so that its intersection number with the divisor D I is 1. The result is the curve class C N whose intersection numbers are attached in the last row of Tab. 1. Its Kahler modulus t N is related to the other Kahler moduli by 
where
K-theoretic blowup equations
Here we briefly review the K-theoretic blowup equations. We mainly follow [39] [40] [41] [42] . It is generally difficult to compute the instanton partition function of 4d N = 2 gauge theory with gauge group SU (N ) on C 2 = R 4 , because the moduli space of n instantons suffers from both infrared and UV divergences. The UV divergence can be cured by considering instead the moduli space M(N, n) of non-commutative instantons. Mathematically speaking, M(N, n) is the moduli space of framed torsion-free sheaves (F, Φ) on P 2 , where the framing Φ is the trivialization of the sheaf F on the line at infinity. The infrared divergence on the other hand is regulated by the Ω-background parametrized by ( 1 , 2 ) . To be more precise, the space C 2 has a natural action of the group SO(4)
which induces a group action on M(N, n). The instanton partition function is then computed by the integration of the equivariant cohomology class 1 over M(N, n)
We denote by q the fugacity of the instanton counting while a is a vector in the Coulomb branch. It is considered an element of the Cartan subalgebra of su(N ) with the constraint N α=1 a α = 0; so it can be decomposed by 38) where ω i are the fundamental weights of su(N ) while α ∨ i denote the coroots. We will use the following conventional basis for the coroots of su(N )
(2.39)
Generalizing (2.37), it is suggested in [67] to also consider the integration in equivariant K-theory. The result, called the K-theoretic Nekrasov partition function, formally reads
It returns to the result of equivariant cohomology when the formal K-theoretic parameter β goes to 0. From the physics point of view, the K-theoretic Nekrasov partition function is desirable as it computes the partition function of 5d N = 1 gauge theory compactified on S 1 on the Ω-background with trivial Chern-Simons invariant m = 0, while the latter as we have mentioned before is identified with the refined partition function of the topological string theory with the target space the Y N,0 geometry. Since we are interested in the application in topological string theory instead of the 4d limit, we will only be concerned with the K-theoretic results. We can set β = 1 and suppress its appearance. Hopefully without causing confusion, from now on Z inst ( 1 , 2 , a; q) without β stands for the K-theoretic/5d partition function. When the Ω-background parameters 1 , 2 are turned on, the computation of Z inst ( 1 , 2 , a; q) is greatly simplified as the contributing instantons are localized at the fixed point of the group action (x, y) = (0, 0), and they are classified by an N -tuple of Young diagrams µ = (µ 1 , µ 2 , . . . , µ N ).
Similarly one can consider the instanton partition functions on the blowup of C 2 at the origin. The smooth moduli space M(N, k, n) of the non-commutative instantons now is labeled not only by N, n, but in addition by an integer k which is the magnetic flux through the exceptional divisor E. The natural action of the group SO(4) on the blowup space Bl 1 (C 2 ) is now 
On the other hand, using again the Atiyah-Bott-Lefschetz localization formula [69] , the contributing instantons to Z inst k,d ( 
Then one can show that Z inst k,d ( 1 , 2 , a; q) can be expressed in terms of two copies of the Ktheoretic Nekrasov partition function on C 2
Here we have used the full Nekrasov partition functions defined by
We denote by ∆ the set of roots of su(N ) and the functionγ 1 , 2 ( a, α |q) includes the semiclassical and the one-loop contributions to the gauge theory partition function. More precisely we haveγ
where 48) and
Note that the definition of γ
is only valid for x > 0. The same function in the regime of x < 0 is defined via analytic continuation as explained for instance in [41] . The expression (2.45) above together with the vanishing condition (2.42) gives us a set of recursion equations on the K-theoretic Nekrasov partition function on C 2 called the K-theoretic blowup equations.
We can also turn on a non-vanishing Chern-Simons invariant m in the range of 1 ≤ m ≤ N , and we use an additional subscript m to distinguish the partition functions from the ones with m = 0. With the full K-theoretic Nekrasov partition functions defined by 
The proof for the vanishing conditions (2.45), however, cannot be generalized [39] , although numerical calculations show that they still hold [39] . Using the second line of (2.42) we arrive at a subset of the K-theoretic blowup equations for generic values of m 52) for 0 < k, d < N . We will demonstrate that the sufficiency conjecture of the compatibility formula (2.30) is a natural consequence of the blowup equation (2.52).
Blowup equations and quantization conditions
In this section we derive, from the K-theoretic blowup equations [39, 41] , the compatibility formula (2.30) between the S-invariant quantization condition of the cluster integrable systems [15, 19, 20] and the spectral theory associated to toric Calabi-Yau threefolds [13, 23, 27] for the Y N,m geometries.
Preparation: the Nekrasov partition function
In this section we write the Nekrasov partition function (2.50) in a form which is suitable for the purpose of this paper.
The B-field for the Y N,m geometry, corresponding to the Kahler moduli {t 1 , . . . , t N −1 , t B }, is known to have the form [19, 35] 
Since in the twisted free energy (2.16) the B-field appears in the exponential, we can choose any representation of it, for instance the one on the right hand side of (3.1). We start by writing the semiclassical and one-loop contributions fromγ 1 , 2 ( a, α |q) in a form which will be useful later. The vector α denotes the roots of su(N ) and, since these roots come in pairs, it is convenient to consider
For the semi-classical contributions it is easy to see that
As for γ
, it can be written as [41] Therefore it can be analytically continued to the regime of x < 0, using
where B n (x) are Bernoulli polynomials. As a result, we find
where we define
In (3.7) we can choose log(−e x ) = x + πi , (3.9) and we will see that the choice of the branch cut of log here does not change the final result.
Combining (3.3), (3.7), we find
Here we use the notation
Now we claim that by using the dictionary
we have the identification
where ∼ = means identification up to a term proportional to t N . This notation is convenient since this kind of terms can be factored out of the sum appearing in the compatibility formula (2.30) and are therefore irrelevant. The identity (3.15) can be shown as follows. From [70] it is known that one can identify the last line of (3.11) with the refined topological string free energy on the Y N,m geometry using the dictionary (3.14) together with the relation between t N and t B (2.33), i.e.
In particular, the 1-loop corrections in the gauge theory partition function correspond to the contributions of the BPS states with spins (j L , j R ) = (0, 1/2) to the refined topological string instanton partition function (2.12), and they come from M2 branes wrapping only P 1 s in the A N −1 sphere tree but not the base P 1 in the resolved Y N,m geometry. The gauge theory instanton partition function instead corresponds to M2 branes wrapping at least once the base P 1 . Note m from Nekrasov partition function from topological string c
2 ) the same 17) . We use the shorthand notation F 0 , F 1 to denote
that on the right hand of the equation above, the Kahler moduli have been shifted properly by the B-field, which we will clarify in the appendix. On the other hand, the first two lines of (3.11) translate to
where we have used that
18) together with N α=1 a α = 0. When m = 0, the last line of (3.17) vanishes, and (3.17) is precisely the perturbative contributions to the refined topological string in (2.34) as expected. When m > 0, to our knowledge there is no compact formula for F pert ref (t; 1 , 2 ) on the Y N,m geometry. However by comparing (3.17) with the known results in the literature, for instance in Tab. 2 , we find perfect agreement. Notice that when m > 0 it is more natural to use the integral flat coordinate t B instead of t N . Furthermore, as explained in (3.15) , when comparing the gauge theory results with the topological string results we allow the freedom of an additional term c t N .
Preparation: parametrizing the summation index vector
As an additional step we would like to parametrize the summation index vector k in the blowup equations (2.52) in a more transparent manner.
Recall that the summation index vector k is subject to the constraint (2.44), which for the sake of convenience we reproduce here
As a consequence, k is an element in the weight lattice of su(N ). It is useful to write k as [42] 
Using the conventional basis (2.39) for the coroots of su(N ), we find the following parametrization of the summation index vector k
where we sum over the coroots α ∨ i of SU (N ), or the fundamental weights ω i of SU (N ), and we have
as well ask
Here C ij is the Cartan matrix of su(N ). Therefore, we can replace the index k by the more manageable 4 n ∈ Z N −1 and we write the blowup equation (2.52) as
As we will see later, many terms in (3.25) are n-independent and can be factored out from the summation. Hence it is convenient to introduce the symbol ∼ defined by
is independent of n. (3.26)
From blowup equation to compatibility formula
We demonstrate here that the compatibility formula (2.30) can be derived from the blowup equation (3.25) in the Nekrasov-Shatashvili limit
We will use predominantly the notation ∼ and ignore terms which are independent of the summation index n or k, and which therefore can be factored out of the summation in the blowup equation.
We replace the Nekrasov partition functions in the blowup equation (3.25) by the twisted topological string free energy F ref (t; 1 , 2 ) as well as the auxiliary function F aux ( 1 , 2 , a; q) using identifications (3.10), (3.15) , and check the behavior of each term in the NS limit. Due to the dictionary (3.14), we know that the extra term proportional to t N that may arise in the identification (3.15) does not depend on the summation index and can be factored out.
Furthermore most of the terms in F aux ( 1 , 2 , a; q) can be factored out except for 28) where ρ is the Weyl vector. Therefore the contributions of the auxiliary function in the blowup formula in the NS limit is 
Here the subscript i of t i runs from 1 to N − 1. The vector r = (r 1 , . . . , r N −1 , r N ) is
Finally in the second term of the blowup equation (3.25) 
Combining all the components (3.29), (3.30) , and (3.32) of the blowup equation in the NS limit, we find
Notice that a different choice of the branch cut of log in (3.9) only changes the first term in the exponential in (3.33) by an integral multiple of 2πi , and is therefore irrelevant.
Moreover in the basis of the Kahler moduli {t 1 , . . . , t N −1 , t N }, the Cartan matrix C ij of SU (N ) is precisely the C matrix in the compatibility formula according to Tab. 1. The r-vector given in (3.31) seems to be problematic as obviously it is not integral when m > 0. This is because we are not in the natural flat coordinates for generic values of m. When converted to the integral basis {t 1 , . . . , t N −1 , t B } using the relation (2.33), the r-vector becomes
which is both integral and consistent with the B-field given in (3.1) for the Y N,m geometry.
This completes our derivation of the compatibility formula (2.30) from the blowup equation (2.52). In addition, since 0 < k, d < N , equation (3.34) gives us (N − 1) 2 inequivalent sets of r-vectors 5 which over-satisfy the claim of the sufficiency conjecture.
Some examples for the r-vectors
In the following we give explicit values of the inequivalent r-vectors (3.34) in some examples and we compare them with the known results in the literature [35] .
In the cases of SU (N ) with m = 0, it is more convenient to use the Kahler modulus t N instead of t B , and we find from (3.31) The notation here means the r-vector are r = (0, . . . , 0, r N −1 , r N ), where r N −1 can take any value in the first row, and r N any value in the second row. They are equivalent in the sense of (2.32) to the r-vectors given in [35] . In the cases of SU (3) with m > 0, it is more convenient to use the Kahler modulus t B instead of t N 6 . For m = 1, the inequivalent r-vectors are [35] (−2, 2, 0), (−2, 0, 0), (0, −2, −2), (2, −2, −2) . (3.38)
With the matrix 
Discussions
In this paper we have shown the equivalence between the NS limit of the K-theoretic blowup equations and the compatibility formula with the corresponding sufficiency conjecture proposed in [35] . We have focused on the toric Y N,m geometries where the K-theoretic blowup equations have been explicitly worked out in [39, 41] . In the case m = 0, the blowup equations have been rigorously proved [41] ; as a consequence our derivation provides a complete proof of the equivalence between the quantization scheme which features S-duality [15, 19, 20] and the one derived from the vanishing condition of the spectral determinant [13, 23, 27, 37] . The compatibility formula and the sufficiency conjecture were formulated in [35] for generic toric Calabi-Yau threefolds. To extend our derivation, explicit expressions of the K-theoretic blowup equations for this broad category of geometries would be needed. In principle the blowup equations can be extended to any geometry that engineers a quiver gauge theory, and from there to any toric Calabi-Yau threefold by proper blowdowns and flops [54, 72] . For instance, the simplest toric Calabi-Yau, local P 2 , is a blowdown of Y 2,1 (local F 1 ), and the C 3 /Z 5 resolution a blowdown of Y 3,2 . Once the K-theoretic blowup equations are known, our derivation can be easily carried over, and a compact formula for all the inequivalent r-vectors can be obtained. It would be interesting to see if the sufficiency conjecture is always over-satisfied.
Furthermore, the compatibility formula was presented in [15, 35] as a generating function of constraints for BPS invariants, although they are not sufficient to fix all the BPS numbers. On the other hand, the blowup equations, which can be regarded as a superset of the compatibility formula, were found in [73] to be powerful enough to fix the Nekrasov partition function recursively with respect to increasing instanton number (base degree in the topological string picture). If indeed the K-theoretic blowup equations can be extended to generic topological string, they might provide yet another way to compute refined BPS numbers.
A Convention for refined topological string and Nekrasov partition functions
We give here the convention we use for the refined topological string partition function on the Y N,m geometry and the Nekrasov instanton partition function for the SU (N ) SYM with ChernSimons invariant m. This enables us to explain the appearance of the twist πi B when we identify the two partition functions in (3.16) using the dictionary (3.15).
We first introduce some notation for the refined topological string free energy. Let each summand of (A.9) has sign (−1) (N +m)| µ| in accordance with [19, 66] . It is easy to see that the summand is similar to that of (A.9), but it has sign (−1) N | µ| in the large fiber limit. Following the derivation of [70] one concludes that the two partition functions are the same if we set q = (−1) m e −t N and Q ij = Q F ij . Using the slightly different dictionary (3.14), we would have which implies (3.15).
9 Like in the main body of the paper we have set β = 1. 10 Most of the terms in the weight factor cancel, leaving only a finite number of terms remaining in the denominator.
